Abstract: The paper deals with the vibration analysis of a one-cylinder engine crankshaft. For the analysis, a sequential torsional multi-mass vibration model was created of the crank-mechanism. The natural frequencies and natural modes of the crankshaft were determined from this model. The results of the torsional model were verified with a 3D finite element model, which consists of not only the torsional, but every other natural frequency and mode of the crankshaft. From the torsional natural frequencies and the harmonic expansion of the excitation forces, the critical speeds were determined, where resonance phenomena can occur. The relative angular deflection of the two ends of the crankshaft was also determined which characterizes the torsional stiffness of the crankshaft. From the angular velocity function of the clutch, the measure of speed irregularity of the clutch was defined.
Introduction
As result of periodic loading in time, every mechanism that contains elastic elements -e.g. the crankshaft of an internal combustion engine -vibrations may occur. The investigated crank-mechanism can be regarded as a vibration system from a mechanical point of view. In this vibration system under specific conditions resonance phenomena may occur. In the analysis, the goals were:
 to perform a free vibration analysis of the crank-mechanism in order to obtain the natural frequencies and natural modes of the crankshaft,  to investigate the effect of the excitation loads,  to determine critical speeds, where resonance phenomenon can occur,  to define the relative angular deflection of the two ends of the crankshaft, which is characteristic for the stiffness of the crankshaft,  to define the measure of speed irregularity of the clutch, which has a great impact on the fatigue life of the gearbox. The investigation and clarification of the abovementioned points is crucial because of the constructional modifications [1] . Since the stiffness of the crankshaft has been reduced [1] , the structure has become more sensitive to excitation loads, to vibration and to resonance phenomena.
Creating the torsional multi-mass model of the crank mechanism
For the torsional analysis of the crankshaft (Fig. 1.) a simple multi-mass model was created from the original crank-mechanism which only describes the torsional vibrations of the crankshaft. 
. Parts of the analysed crank mechanism
A seven-degree of freedom sequential multi-mass torsional model was created (Fig.  2. ) for modelling the crank mechanism ( Fig. 1 .) according to [2] , [3] and [4] .
Figure 2. The sequential torsional multi-mass model of the crank mechanism
In this model, the rigid mass elements are described by moments of inertia and elastic elements are characterized by torsional stiffnesses. The unknown parameters, which should be calculated, are the angular deflections of the rigid mass elements. As the unknown parameters are only angular deflections, the mass properties can be given simply by moments of inertia. The main bearings of the crankshaft have no effect on the angular deflections, so the torsional multi-mass model has no kinematic boundary conditions, it is a so-called free vibration model. In order to create the torsional multimass model, the mass-and stiffness reduction of the crankshaft had to be performed.
Mass-reduction of the crankshaft
The moments of inertia for a simple shaft, journal or pin (parts 2, 3, 4, 7 and 8 in Fig.  1 ), calculated with respect to the rotational axis of the crankshaft, can be calculated as follows:
where m is the mass of the given part, d is the inner diameter, D is the outer diameter of the part and r is the distance from the rotation-axis (in case of the crankpin, it is the throw of crank, in other cases it is zero).
The moments of inertia of the webs and counterweights were gained from the CAD model.
The moments of inertia of the connecting rod and piston reduced to the rotation-axis are function of the crank angle. In this case an equivalent moment of inertia was calculated according to [12] :
where: -
is the rotating mass part of the connecting rod, where h u is the length ratio of the big end -center of gravity distance to the big end -small end distance and h m is the mass of the connecting rod,
is the alternating mass part of the connecting rod, -d m is the mass of the piston, -r is the length of the throw of crank, -/ r l   is the length ratio of throw of crank to the connecting rod length
In Table 1 . the moments of inertia of each mass element of the crank mechanism, obtained from the formulas (1) and (2) and CAD calculations [2] [3] are summarized.
From the ten moments of inertia in Table 1 . seven moments of inertia were calculated by the formulas in Table 2 ., which are assumed to be mass elements in the ends of the shafts and in the middle of the pins (Fig. 2.) . In Table 2 . these seven moments of inertia and their derivation from the former ten moments of inertia shown in Table 1 . are summarized. 
Stiffness-reduction of the crankshaft
For the sequential torsional vibration system, six elastic elements are needed between the above described seven reduced rigid mass elements. Fig. 3 . shows these elastic elements of the crankshaft.
In case of shafts and pins, the stiffness can be calculated with the following formula:
where p I is the polar moment of inertia of the cross section area, G is the shear modulus of the crankshaft's material and l is the length of the shaft / pin. In case of webs, the stiffness cannot be calculated with a simple formula. In this paper, the web's stiffness was calculated with the aid of the AutoSHAFT modul of AVL Excite Designer software [2] . This modul automatically creates the FEM model of the crank web and then with static FEM analysis it calculates the torsional stiffness of the webs, applying a tentative torque on the webs. In Table 3 . the stiffness of the elastic elements are summarized. 
The natural frequencies and natural modes from the multi-mass model
A free sequentional torsional model consisting of n mass has (n-1) non zero natural frequencies and modes, so the above created multi-mass model consisting of seven mass elements has six non zero natural frequencies. The determination of the movement of this multi-mass model can be expressed using Lagrange's equations [8] :
where E is the kinetic energy of the whole torsional model, i
 is the angular deflection of mass element i and Si Q is the spring force. Executing the differentiations in (4) the following second order differential equation system is obtained:
where  is the vector of angular deflection (6) of the mass elements, M is the mass matrix (7) and K is the stiffness matrix (8).
  1 2 7 ... 
The differential equation system (4) leads to the (9) eigenvalue problem, the eigenvalues of which provide the natural circular frequencies i  , while the eigenvectors provide the natural modes 0 i  for the natural circular In Table 4 . the natural circular frequencies and the natural frequencies are summarized, while Fig. 4 . illustrates the first two natural modes, which belong to the lowest two natural frequencies. The natural modes illustrate the relative ratio and direction of the amplitudes of the angular deflection of the mass elements of the multimass model vibrating on the given natural frequency. The actual vibration amplitudes will be influenced by the excitation forces and the damping of the crank mechanism. It can be observed that the first natural mode has one non-vibrating (non-rotating) point, while the second mode has two, so the number of the non-vibrating points increases according to the number of the natural modes. In case of engines, in general, it is important to know only the first two natural modes, as the detectable harmonics of the excitation torques -as it will be seen in the next chapter -are only in the range of the first two natural frequencies.
Figure 4. First two natural modes of the crankshaft

The natural frequencies and natural modes calculated by FEM modeling
In this point the natural frequencies and natural modes will also be calculated by FEM method. In order to verify the result of the multi-mass model, these results will be compared to the former values.
For the vibration analysis of the FEM model, the Modal modul of ANSYS software [5] was used. From the crankshaft-flywheel-clutch assembly, the FEM model was created only for the crankshaft, the flywheel and the clutch were added as mass elements, characterized by their mass and their moments of inertia.
As a kinematic boundary condition in static analysis, an elastic support was used on the contact surface of the main bearings [1] . At free vibration analysis kinematic boundary condition does not need to be defined. In an eigenvalue problem dynamic boundary conditions (loadings) are not needed either.
The FEM analysis has covered only the first two natural frequences which are the most important ones from the resonance phenomena point of view [6] - [8] . Fig. 5 .
illustrates the first two natural modes belonging to the lowest two natural frequencies of the crankshaft.
Figure 5. The first two natural modes belonging to the lowest two natural frequencies
In Table 5 . the first two natural frequencies of the FEM model are compared with the first two natural frequencies of the torsional multi-mass model. As can be seen from Table 5 . the first two natural frequencies calculated from the torsional multi-mass model and those calculated from the FEM model show a very good match, the relative error is below 2 % in both cases. Furthermore, the natural modes obtained from the FEM model come close to those obtained from the multi-mass model. On the basis of this, it can be stated that from the torsional vibrations aspect, in the frequency range of operation, the multi-mass model comes close to the real system in respect to natural frequencies and natural modes.
Forced torsional vibrations
The periodic tangential force generates not only a static torque on the crankshaft, but it causes additional torsional vibrations as well. Both the tangential force -crank angle function and the torque -crank angle function, due to the periodical characteristic of these functions, they can be expanded into harmonic series. In course of the harmonic series development, the torque -crank angle function is expanded into an infinite series, where the terms of the series are harmonic (sine and cosine) functions. The harmonic expansion can be performed mathematically with the Fourier-Transformation. According to this, the torque -crank angle function ( ) M  can be written with the use of harmonic functions as the following series [9] :
where k M is the mean torque, while n a and n b coefficients can be calculated with the following formulas:
In case of a four stroke engine the whole engine cycle is 4 T  
. Substituting this value into the equations (11), the argumentums of the sine and cosine functions will be 2 n  , where 2 n x  is the n-th order of the series development, which is the number of harmonic oscillations during a whole engine cycle. So in case of a four stroke engine, the harmonics will have half orders, as in case of n = 1, 2, 3 we get x = 0,5, 1, 1,5 oscillation in the harmonic functions.
With the amplitude of each harmonic, the spectrum of the exciting harmonics can be obtained. The spectrum represents the amplitude of the harmonics in function of the order. Fig. 6-8 . show the spectrum of the exciting gas-, mass-and resultant rotationforces which are proportional to the torques caused by the tangential gas-, mass-and resultant forces in case of crankshaft speed of 6500 rpm. Figure 6 . Spectrum of the gas rotational excitation harmonics at crankshaft speed of 6500 rpm Figure 7 . Spectrum of the mass rotational excitation harmonics at crankshaft speed of 6500 rpm It can be seen from the spectrum of the excitation harmonics (Fig. 6. -8.) that the rotational mass forces appear only in case of integer orders. Furthermore, it can be observed from the column diagrams that as an effect of the rotational mass forces, the amplitude of the first order rotational gas force increases, while the amplitude of the second, third and slightly the fourth order rotational gas force decreases.
Figure 8. Spectrum of resultant rotational excitation harmonics at crankshaft speed of 6500 rpm
From the fifth order on, the effect of the rotational mass forces is practically negligible. The amplitudes of the rotational resultant forces decrease also significantly in function of the orders, and as a result the analysis does not have to be extended for higher orders (in this paper the last order is the tenth). Studying the excitation harmonics in function of the crankshaft speed, it can be observed that -in case of any value of the crankshaft speed -the second and the third order rotational mass forces (Fig. 8.) have a major effect on the amplitude of the rotational gas force (Fig. 9.) . Furthermore -as can be seen from Fig. 10 . -in case of lower engine speeds, this effect means the decrease of the amplitude of the rotational gas force, while in case of higher engine speeds this effect means the increase of the same.
Defining critical speeds
Unlike the natural frequencies, the frequencies of the excitation harmonics ( e  ) are not constant, but they are increasing linearly in function of the crankshaft speed:
where n has to be substituted in rpm.
Plotting the excitation and natural frequencies in function of crankshaft speed, the excitation frequencies will be lines starting from the origin, while the natural frequencies will be horizontal lines. The critical speeds can be derived from the intersections of the excitation and natural frequency curves [11] , [12] . According to Fig. 11 . the first six excitation harmonics have no intersections even with the first natural frequency. Since the first six harmonics have the highest amplitudes -as can be seen from Fig. 9 . -they are the most dangerous ones so avoiding them has an advantageous effect on the dynamic loading of the crankshaft. The first excitation harmonic that resonates with the first natural frequency is the 3,5th excitation harmonic. From Fig. 8 . it can be seen that from this excitation harmonic on, the amplitudes of the harmonics decrease, so they generate smaller and smaller angular deflection. The examined first 20 excitation harmonics have 19 intersection points with the first and second natural frequencies, so that means that there are 19 critical speed values. Not every critical speed causes dangerous amplitudes, however.
Figure 11. Defining critical engine speeds
On the one hand, the magnitude of the angular deflections depend on the amplitude of the excitation harmonic, on the other hand, the different damping effects in the system have a major decreasing effect on the magnitudes of the angular deflection. The next chapter deals with these magnitudes.
Damping of the crank mechanism
Since the system has a non-negligible damping, finite revolutions will occur at the resonance locations. Basically, there are two damping effects acting on the crank mechanism:  damping of the piston.  damping of the valve control and different auxiliary equipment (like the oil pump or the water pump). The damping effect of the piston -characterized by the damping coefficient d kacting on the crankpin (mass element 4 J ) can be calculated with the following formula according to [3] :
where r is the throw of crank and d d is the diameter of the piston. The damping from the effects of the valve control and auxiliary equipment was defined on the flywheel (mass element 1). The value of this can only be obtained through experiments. Without such experience one can only rely on the literature. Based on experiments measured by AVL [12] on similar one-cylinder engines, the value of this damping was considered as 1, 2 / Nms rad
Solving the equations of motion in case of forced vibrations
Taking into consideration excitation and damping, the equation system of motion looks like the following formula [9] :
where: M is the mass matrix, C is the damping matrix, K is the stiffness matrix, The solution of this second order, ordinary, inhomogeneous differential equation system provides the forced angular deflection, the forced angular velocity and the forced angular acceleration of each mass element. Fig. 12 . illustrates the angular deflection between the two ends of the crankshaft, between the flywheel (mass element 1) and the clutch (mass element 7). The angular deflection between the two ends of the crankshaft (15) is characteristic for the torsional stiffness of the crankshaft. Fig. 14. shows the same quantity, but caused by the separate orders of the excitation forces. In order to be able to compare the results, the mean relative angular deflection of the original crankshaft [1] is also plotted in Fig. 13 . According to Fig. 13 . the maximal mean relative angular deflection of the modified crankshaft is approximately 30% higher compared to the original crankshaft. According to AVL design references [10] , this value should be below 0,6 ○ . As can be seen from Fig. 13 . this criteria is fulfilled by both crankshafts.
As to the mean relative angular deflections caused by the separate orders of the excitation loads, AVL indicates a maximal value of 0,1 ○ in case of serial engines [10] . Above this limit value the engine noise increases. According to Fig. 14. this criteria is not fulfilled in case of orders below five, but since the examined crankshaft is from a race engine the engine noise is not an important issue. Fig. 9 . in case of orders 3,5 -7, the curve has one, while in case of orders 7,5 -10, the curve has two maximum values. Furthermore, as excpected, the highest angular deflection occurs in case of order 3,5, while the maximum deflections decrease as the orders increase.
Besides the relative angular deflection, another characteristic quantity that is usually analysed is the speed irregularity of the clutch. In order to be able to calculate this, first the angular velocity of the clutch must be defined. This can be achieved by differentiating the angular deflection of the clutch (Fig. 15.) . The angular speed irregularity  of the clutch is the difference between the maximum and the minimum angular speeds divided by the mean angular speed k
The speed irregularity of the clutch of the original, as well as of the modified crankshaft [1] can be seen in Fig. 16 .
Figure 16. The speed irregularity of the clutch of the original crankshaft (dashed line) and that of the modified crankshaft (continuous line) in function of engine speed
A too high value of speed irregularity has a negative effect on the fatigue life of the gearbox. In case of serial engines, the maximum acceptable value is approximately 0,16 -0,2. According to Fig. 16 . the maximum value of the speed irregularity is approximately 0,18 in case of the original crankshaft, while in case of the modified crankshaft this value is slightly higher, approximately 0,19 at 4000 rpm engine speed. But this value rapidly decreases as the engine speed increases, at 5500 rpm engine speed it is already below 0,1 and it remains below this value in the largest part of the operational range.
Summary of the results
For the torsional dynamic analysis, we have created a sequential torsional multi-mass vibration model of the crankshaft mechanism. In order to be able to check the vibration characteristics of the torsional model, the first two natural frequencies and natural modes obtained from the multi-mass model were compared with those obtained from the 3D finite element model of the crankshaft. The error was below 2 % at the lowest two natural frequencies of the two different models. The natural modes have also shown a proper match and therefore the forced vibration analysis was performed only on the multi-mass model.
During the forced vibration analysis, the following statements could be made:
 Up to the first ten excitation harmonics, two natural frequencies appear in the operational range of the engine, which result nineteen resonance locations altogether.
 The first six excitation harmonics have no intersection with the natural frequencies. Since these harmonics have the highest amplitudes they are the most dangerous ones, avoiding them has an advantageous effect on the dynamic loading of the crankshaft.
 Also taking into account the dampings of the system, the mean relative angular deflection of the two ends of the modified crankshaft has increased by approximately 30 % compared to that of the two ends of the original crankshaft, so the result was a maximum value of 0,3 ○ , which is still half of the limit-value of 0,6 ○ specified by AVL [10] .
 The speed irregularity of the clutch has slightly increased compared to the original crankshaft, the maximum value of 0,18 occuring in case of the original crankshaft has increased to approximately 0,19 at an engine speed of 4000 rpm. However this value rapidly decreases as the engine speed increases. At 5500 rpm engine speed this is already below 0,1 and it remains below this value in the largest part of the operational range.
